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Abstract

A field computeris a (spatial) continuum-limit neural net (MacLennan
1987). This paper investigates field computers whose temporal dy-
namics is also continuum-limit, being governed by an integro-differential
equation. Such systems are motivated as a means of studying large
neural nets, as a model of massively parallel analog computation, and
as a model for cognitive processing. As this paper proves, even when
their dynamics are purely linear such systems are computationally
universal. The “trick” used to get such universal nonlinear behav-
ior from a purely linear system is quite similar to the way nonlinear
macroscopic physics arises from the purely linear microscopic physics
of Schrodinger’s equation: one interprets the system in a non-linear
way. In this paper, we show that simply using a unary code for the in-
terpretation suffices. This means, first of all, that the meaning of the
system’s output is determined by which neurons have an activation
exceeding a threshold, rather than by the actual activation values
of the neurons. Second, the occurrence of output is determined in
the same thresholding fashion; output is available only when certain
output-flagging neurons exceed the threshold, rather than after a cer-
tain fixed number of iterations of the system. In addition to proving
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and discussing their computational universality, this paper cursorily
investigates the dynamics of these systems. PACS numbers: 87.18.5n,
84.35.4+1, 07.05.Mh

1 Introduction

This paper is an investigation of computation systems which can be
viewed as variants of neural nets (Rumelhart, et al., 1986). Whereas
conventional neural nets are both spatially and temporally discrete
(consisting of a finite number of neurons evolving for a finite number
of steps), the neural nets considered in this paper are continuous both
in space and time. Such systems are a special class of what we have
called field computers (MacLennan 1987, 1990, 1999).

The motivation for studying these systems is four-fold: (1) Since
continuous systems are usually easier to analyze than discrete ones,
one might hope that field computers are easier to analyze than tradi-
tional discrete neural nets. (2) One might also hope that field com-
puters provide an effective approximation to very massively parallel
neural nets, such as found in mammalian brains (MacLennan 1993,
1997, 1999). (3) The real world is continuous and not discrete, which
lends further importance to the understanding of continuous systems.
(4) In particular, as is demonstrated below, one example of the kind
of continuous system studied in this paper is a quantum mechani-
cal wave function evolving according to Schrodinger’s equation. This
suggests that the systems we investigate can be “trained” using the
very-thoroughly understood machinery of quantum mechanical scat-
tering theory.

Section 2 starts by presenting some background. Then it moti-
vates and defines the precise system studied in this paper and the
dynamical equation governing its evolution. In section 3 it is proven
that this equation allows the system’s dynamics to be computationally
universal, despite the fact that that dynamics is purely linear. (In-
deed, as briefly mentioned there, we can actually induce super-Turing
capability using variants of the construction presented in this section.)
This is the main result of this paper; it means that no nonlinear (e.g.,
sigmoidal) neurons are needed to achieve computational universality.

We arrive at such universal nonlinear behavior for a purely linear
system in the same way that (nonlinear) macroscopic physics arises



from the purely linear microscopic physics of Schrodinger’s equation:
one interprets the system in a nonlinear way. This means, first of
all, that the meaning of the system’s output is determined by which
neurons have an activation exceeding a threshold, rather than by the
actual activation values of the neurons. Second, the occurrence of out-
put is determined in the same thresholding fashion; output is available
only when certain output-flagging neurons exceed the threshold, rather
than after a certain fixed number of iterations of the system. Our main
result is that simply using this unary code for the interpretation of the
system suffices for computational universality.

The final section of this paper cursorily discusses some of the rich
mathematical structure inherent in our systems. It considers alterna-
tive interpretations of the system, including interpretations in terms of
quantum-mechanical systems and computers. It also considers various
approaches to exactly solving the dynamics of the system, and various
approaches to training the system to reproduce an arbitrary training
set. Interestingly, much in these approaches is intimately related to
conventional techniques in quantum mechanics.

2 Linear Field Computers and Com-
putational Universality

2.1 Background

The main result of this paper is a proof that linear field computers,
specifically, linear continuum-limit neural nets, can emulate arbitrary
Turing machines (TM’s). Since, conversely, a TM can approximate
many linear field computers by the usual methods of computational
science, this result means that the set of TM’s is functionally contained
within the set of linear field computers. (See Pour-El & Richards,
1979, 1981; Bournez & Cosnard, 1995 for cautions concerning what
kinds of field computers TM’s can and cannot emulate, and see the
discussion on super-Turing capabilities of linear field computers be-
low in section 3.3.) To put this result in context, it is worth briefly
mentioning other work relating conventional (nonlinear and discrete
in both time and space) neural networks to Turing computability. We
then briefly discuss other work involving systems that are in some
sense “continuum-limit”. We end this subsection touching on previ-



ous work on the need for nonlinearity in computation.

As early as 1943 McCulloch and Pitts (1943) argued that a neu-
ral network connected to an external tape is equivalent to a Turing
machine; this is quite obvious, since their neurons are threshold-logic
gates and can be easily assembled into the control unit of a TM. Pol-
lack, in Chapter 4 of his Ph.D. dissertation (1987), showed how to
include the tape in the neural net by encoding the potentially infi-
nite string of bits as a rational number of unlimited precision. His
construction uses a finite number of linear-threshold units, but with
multiplicative (i.e., higher order) connections, and rational weights
and activities of unlimited precision. Pollack hypothesized that multi-
plicative connections “are a critical, and underappreciated, component
for neurally-inspired computing,” in particular, for general-purpose
computing. However, Siegelman & Sontag (1995) showed that any
TM can be emulated by a net of sigmoidal neurons with connections
that are low-precision rational numbers and not multiplicative. Siegel-
man & Sontag (1994) also showed that discrete-time recurrent nets
of saturated-linear sigmoidal neurons with real-valued weights have
super-Turing computing power; these results have been extended by
Bournez & Cosnard (1995).

Hartley & Szu (1987) argued that TM’s are equivalent both to
potentially countably infinite neural networks with finite state neu-
rons, and to finite networks of neurons with a countable infinity of
states. Garzon and Franklin (1989, 1990; Franklin & Garzon, 1990)
have shown that countably infinite neural nets are more powerful than
the class of countably infinite cellular automata, which are in turn
more powerful than TM’s; in particular they can solve the halting
problem for TM’s. On the other hand, these neural networks are less
powerful than “automata nets.” (Although the nets that Garzon and
Franklin investigate are infinite, they satisfy certain other “realistic
implementability” conditions; see their papers for details.)

As a final comment on purely discrete systems, it is worth noting
that purely linear neural nets containing countably infinite neurons
are at least as powerful as Turing machines. To see this, simply enu-
merate in any convenient way the complete states (i.e., internal state
plus tape state) of the TM. Now allocate an input neuron j to each
complete state j, and an output neuron i to each complete state 4.
Thus there is a countable infinity of neurons in both the input and
the output layers. Encode the state of the machine by setting the



activity of the corresponding neuron to 1 and all the rest to 0; that
is, state k is represented by the coordinate vector along the kth axis.
Set the weight W;; = 1 if state j leads to state ¢ (we are assuming
a deterministic machine), and W;; = 0 otherwise. Thus the weight
matrix represents the transition function. Now if s is a (unit) vec-
tor representing the current state of the machine, then W's will be a
(unit) vector representing its new state. Thus an arbitrary TM can be
simulated by an infinite dimensional difference equation s’ = Ws.!

There is a good deal of other previous work related to computa-
tional universality of systems that, while discrete in time, are in some
sense continuum-limit in space. In particular, Blum and her colleagues
have developed a theory of discrete-time computation over the reals
(Blum, 1989; Blum, Shub, & Smale, 1988). Moore (1990) exhibited a
continuous system of only three degrees of freedom that is equivalent
to a TM, and Koiran & Moore (1999) show how TM’s can be sim-
ulated by closed-form analytic maps. These and other constructions
(see citations in Koiran & Moore, 1999) use piecewise linear functions
and real-valued weights to achieve TM power.

While the foregoing work relates to discrete-time computation,
Stannett (1990) has shown that certain machines with continuous dy-
namics can solve the halting problem for Turing machines, and thus
have super-Turing power. Bournez & Cosnard (1995) also investigated
continuous-time and hybrid dynamical systems of several kinds, which
they found to have super-Turing power. They also showed that some
of these systems cannot be simulated numerically by digital compu-
tation. Moore (1996) has investigated the computational power of
a model that is a continuous-time analog of classical recursion the-
ory, but his results are not directly relevant to Turing computability.
See also the work of Moore (1990) and others showing how to en-
code Turing machines in finite-dimensional physical systems obeying
Hamiltonian dynamics (again, the difficulty addressed by this paper
is how to work with infinite-dimensional systems).

The construction in this paper differs from the foregoing in going
to the continuum limit in both space and time. That is, the TM’s
states are represented by fields that obey a partial differential equa-
tion. Much of the complexity of the following construction comes from
getting a continuous-space, continuous-time dynamical system to em-
ulate a system with discrete states undergoing discrete state transi-
tions. (Of course, this is a difficulty implicit in the construction of any



real-world computer.) In its use of a differential equation, this paper
parallels Omohundro’s work showing how to emulate arbitrary finite
(discrete space and time) cellular automata with differential equations
(Omohundro, 1984). In addition, Pour-El and Richards (1979, 1981,
1982) have shown that non-Turing-computable solutions can result
from a Turing-computable wave equation with Turing-computable ini-
tial conditions. While not demonstrating how to construct arbitrary
TM’s, this previous work does involve systems that are continuum-
limit in both time and space, the subject of this paper.

Finally, there has also some work on the issue of “how little” non-
linearity is needed to achieve computational universality. For exam-
ple Lloyd (1990) shows that any degree of nonlinearity is sufficient
for computation, so long as it occurs throughout the system’s evolu-
tion. (In contrast, the nonlinearity exploited in this paper only occurs
once during the system’s evolution, when the system finishes and one
interprets its state.)

2.2 A continuum-limit neural net with linear
dynamics

The most natural way to extend conventional neural nets to a continuum-
limit is to use the concept of a “field”. A field, as defined in MacLen-
nan (1987, 1990, 1999), represents the activation state of a continuum-
limit neural network; in mathematical terms it is a real-valued function
on a continuum, typically an n-dimensional Euclidean space. Thus a
field ¢ is a function ¢ : R™ — R, and the set of all such fields, which
we write ®(R"™), is some convenient space of functions over R™ (such
as La(R™)). Since there is a continuum of neurons, they are indexed
by real vectors r € R", and the activation of a neuron is represented
by ¢r = ¢(r), the field’s value at that point.

In accord with motivation (1) for field computers (Section 1), this
paper concentrates on a system whose dynamics is exactly linear. The
system in this paper is a specification of the state of the field at all
times ¢, i.e., is a function f : R — ®(R"). Intuitively, ¢ = f(to)
is interpreted as the state of a continuum-limit neural net at time
to; ¢r = f(to,r) is the activation value at the time ¢y of the neuron
indexed by r.

The dependence of f on t (i.e., the dynamics of the net) is de-
termined by the continuum-limit version of what neural net dynam-



ics would be if there were no sigmoidal non-linearity, i.e., by the
continuum-limit version of multiplying by a weight matrix. More pre-
cisely, the dynamics is given by the (linear) integro-differential evolu-
tion equation,

0uf(t.m) = [ & Glr,e)f(tr), (1

which we abbreviate as

ft) =Gf(t). (2)
The “weight matrix” of the net corresponds to the kernel (G) of this
evolution equation, which is a fixed field G € ®(R"XR"™). In particu-
lar, a kernel that is non-zero for all values of its arguments corresponds
to a neural net whose weight matrix is fully (recurrently) connected.
The most natural way of assigning meaning to the distribution f(¢)
is in terms of its support across R™. (This corresponds to interpreting
the state of a neural net by examining which neurons have activa-
tion values exceeding a certain threshold, a scheme usually called the
“unary” representation in the neural net literature.) So for example,
if the support across R™ of f(tp) covers a region X, then we interpret
f(to) as having one meaning, whereas if instead the support covers a
different region X5, we interpret f(¢p) as having some different mean-
ing. The actual values of f across R" are irrelevant, except insofar as
they determine the support of f.2
In this paper, even the time when output occurs is determined
by the support of f (as opposed to via a rule like “output occurs
at t = t;” for some pre-determined ¢;): output is signaled when the
support covers a predetermined output-flagging region of R™. So for
example, if {5 is the earliest time when the support of f covers the
output-flagging region, then the output of the system is determined
by the distribution of f(¢2)’s support over R"™. With this scheme, the
amount of time the net runs is a variable, and in general depends on
the input values fed into the net (i.e., depends on the field f(tg)).3

3 Computational Universality

This section describes how to construct a G such that the evolution

equation for f(t), f(t) = Gf(t), when combined with the unary repre-
sentation interpretation of f(t), is computationally equivalent to any



particular TM. The fact that the system is defined over an uncount-
ably infinite space (R™) won’t be necessary in this exposition; in fact,
to facilitate the analysis the dynamics will be reduced to an evolution
equation over a countably infinite subspace of R".

3.1 How to interpret a field as a Turing Ma-
chine

First some notational comments are in order. We will work in R? (i.e.,
n = 5). However not all five components will be used to specify the
state of the TM; some will help with our book-keeping. Bold lower-
case letters indicate vectors, and subscripted italic letters indicate
components of a vector. Let p be any vector in R* and z a real-valued
scalar; we define (p,2) to be the R® vector (p1, pa, p3,p4,2). So for
example, if the 4-dimensional vector o tells us something of the TM’s
state at time t, and if we want the 5th component of our corresponding
RS vector to equal t, then that corresponding vector r € R? is given
by r = (o,t). For convenience define the m-dimensional Dirac delta
functions as follows:

m

A(r,s) = H O(ry, — sg), forr,seR™.

k=1
(m is implicitly determined, by the arguments of the A.)

The basic idea is to find a kernel G with solution f, such that any
element in the support of f, r, can be interpreted in the following
manner. First, r5 serves as a system clock; at any particular time ¢
there is only one value of r5 such that f(¢,r) # 0, and this value of
r5 is proportional to ¢, r5 = wt. (This clock is necessary to have the
dynamics cycle through the various operations making up an iteration
of a TM; without this clock embedded in R™, the dynamics has no way
of knowing what TM operation to apply.) Without loss of generality
we take w = 1.

In addition to this restriction on 5, we want f(¢,r) never to be non-
zero except for those r; through 74 on the following lattice: r4 € {0, 1},
and 71,72,73 € ZT. We define A C R? to be this lattice:

A= (Z%)3x{0,1}.

At any particular time ¢, there will only be 1 or 2 of these lattice points
in A for which f(¢,r) # 0. These values of r1 through r4 for which f(¢)
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is non-zero code for the condition of the TM as follows: 71 represents
head position on the TM’s tape, 7o represents the numerical value on
the tape (which for simplicity is assumed to have a finite number of
1’s), r3 represents the internal state of the TM, and r4 is a buffer label.
As time changes, the values of r1,72,73, and r4 for which f(¢,r) # 0
should change in exact accord with the dynamics of the TM being
emulated. In effect the lattice points represent possible states of our
TM emulation, and at any given time ¢, f(¢) “points” to one or two
of these states.

The goal is to find a G such the evolution equation has a solution
with the following properties. First, the solution must be of the form

f(tv I‘) = Z A[I‘, (G',t)]K(t, 0'). (3)
OcA

This solution is a superposition of five-dimensional Dirac delta func-
tions, all of which are centered in r5 about the point ¢. Each delta
function is centered in R* about a different one of the allowed lattice
sites o, with magnitude K (¢,o0) at each such lattice site. In general,
at any given time ¢ there must only be 1 or 2 values of o such that
K(t,o) # 0. It is the dynamics of this support of K (¢, o) which cor-
responds to the dynamics of the TM. In other words, the task is to
construct a G such that the evolution equation has solution of the
form Eq. 3, where the coordinate projections of the support of the
function K obey the dynamics of the TM being emulated. In this
way, dynamics over R® is reduced to dynamics over A.

The next subsection shows how to choose a G with solution (3),
for arbitrary K. The subsequent subsection shows how to choose K
so that the dynamics over A emulates an arbitrary Turing machine.
Together, these two subsections show how to choose a G so that the
dynamics of the system emulates an arbitrary Turing machine.

3.2 Reducing to countably infinite dynamics

Lemma 1: Let
G(r,r') = =0, A(r,r') + 6(r5 — r5)T(r, '), (4)
where for any p € R*, o € A, the function T" obeys
; I'((p,1), (e, 1)) K(t,0) = ; A(p, )0 K(t, o) ()
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for some time-varying field K; € ®(R?). Then Eq. 3 satisfies the
evolution equation (Eq. 1). (Note that the behavior of I'(r,r’) (and
therefore of G(r,r’)) for points r’ whose first four components do not
lie on A is completely free.)

Proof: Our goal is to show that Eq. 1 is satisfied by Eq. 3 under
the conditions of Eqs. 4 and 5. Let the first four components of r be
indicated by p, and let the first four components of r’ be indicated by
p'. Substituting Eq. 4 and Eq. 3 into the evolution equation (Eq. 1)
gives

Z A(p,0)K(t,o)0:0(rs —t) +

Z A(p,o)0:K(t,o)d(rs —t)

[ [—&550:5 —H)A(p,p) Y AW, (o ) K (L, o) | +

/ dr's(rs — rT(r, ) £ (¢, 7).

The first four-fold delta function A(p, p’) in the first term on the
right-hand side of this equality can be integrated out, giving as the
first term on the right-hand side

[Z Alp, @)Kt a)] [ drsl=05(rs = r5)6r% — 1)
o
The remaining integral in this first term reduces to —0,,0(rs — t).

Therefore the first term on the left-hand side of the equality cancels
with the first term on the right-hand side, leaving the equality

d(rs — 1) Z Ap,o)0K (t,0) =

/ dr'T(r, t)d(rs — ) AW, (0, ) K(t o). (6)
o
The integral on the right-hand side reduces to

o(rs — t) Z [(r,(o,t)K(t,0).

Therefore Egs. 1, 3, and 4 jointly reduce to Eq. 5 which by hypothesis
is true. QED
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Intuitively, the second term in Eq. 4 (the one containing the I'(r, r’))
is the one which can be used to fix K. The first term in Eq. 4 (the
one not containing the I'(r,r’)) is the one which forces the 6(r5 — t)
t-dependence on the r5 component of f(¢,r) (cf. Eq. 3). In turn, it
is this dependence which allows r5 to serve as a system clock for the
operation of the TM; if I'(r,r’) varies with 7%, then as time changes
the 0(rf —t) term in f(r',¢) will pick out a different part of I'(r,r’),
which means we can cycle through a sequence of different operations
governing the dynamics of f(r,¢). This can be seen explicitly in the
following discussion, which relates I' to the dynamics of K, i.e., which
shows how Lemma 1 allows dynamics over R5 to be reduced to dy-
namics over A.

Choose I'(r,r') = Y gnep Alp, 0”)A(r,r’) for some function A €
®(R°>xR5) (p being the vector of the first four components of r).
Because of the delta function A(p,o"), the terms of this summation
are nonzero only when p = o”. Therefore the r = (p,t) appearing
inside A(r,r’) can be replaced with (o”,t). Hence,

[(r,r') = Z A(p, ") A[(a",t),1'].

a-lleA

Substituting this I' into Eq. 5 yields:
Z A(pa O')BtK(t, 0')
o

= Z F[(p7 t)7 (0'7 t)]K(t7 0)

= > {Z A(p,0")Al(0", 1), (o, t)]} K(t,0)

o a'll

=X {A<p, o) S Alle" 1), (o, K (L, a)}

o-ll

= Z {A(p, o' Z Al(a”,t), (o', 1)K (¢, o")} .

a-ll

Then Eq. 5 for I' in Lemma 1 reduces to

Y Alp,o)dK(to) =) {A(p, a")Y_Alle”,t), (o' OIK(L, 0')} :

o-ll
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One way this equality can be enforced is if individual terms on the
right cancel with individual terms on the left, i.e., if

WK (t,o) = Z Al(o,t), (o, 1)K (t, o).

Since ¢ is the fifth component of both (o,t) and (o',t), we can re-
express the dependence of A on its arguments to get the following:

K (t,o)=> A(t,o,0")K(t,0"),
a-l

which is an “infinite matrix product,”
K(t) = A(t) K (t). (7)

This equality is essentially a discrete-space version of the original evo-
lution equation (Eq. 2), with one important difference. Whereas the
evolution equation had a time-independent kernel GG, the equation
governing the dynamics of K has a kernel A(¢) which depends explic-
itly on t.# The only purpose of this section so far has been to arrive
at a dynamics equation with such a time-dependent kernel; it is this
time-dependent kernel, arising from the relationship between r5 and ¢,
which allows the dynamics of f to cycle through the various distinct
stages making up an iteration of a TM.

The results so far can be summarized as follows. Choose a func-
tion A(t). This function specifies a I'(r,r'). Now choose a function
K (t) which satisfies Eq. 7 at the lattice points. This function specifies
an f(t,r). We know that this I'(r,r’) and this f(¢,r) together satisfy
Eq. 5. Accordingly, this f(¢,r) together with the G(r,r’) given by
[(r,r') jointly satisfy the evolution equation (Eq. 1). In other words,
so long as we choose an A(t) and a K(t) which jointly satisfy Eq. 7,
we will be assured that the f(¢,r) based on K(t) satisfies the evo-
lution equation with a I'(r,r') based on A(t). Furthermore, K(t,r)
and f(t,r) are non-zero for the exact same r values from within A.
However the meaning of f(¢,r) is given in terms of where over A it is
non-zero. Therefore the meaning of f(¢,r) is given by the A-support
of the associated K(t,0). So our task is reduced to the following:
Given any particular TM, find an A(t) such that the associated K ()
(associated via Eq. 7) has a A-support which emulates that TM. The
next part of this section describes how to do this.
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3.3 Emulating a particular TM

There are several separate logical operations making up an iteration
of a TM. Tt will take the dynamics of the system exactly 1 unit of time
to complete each such operation, and A(t) is fixed for each such oper-
ation. In other words, if we assume that the system starts evolving at
t = 0, then A(t) remains unchanged throughout each of the separate
intervals t € [n,n+ 1), n = 0,1,2,..., i.e., A(t) only changes when
|t] changes. Four distinct operations occurring in four such consec-
utive integer intervals together make up a single iteration of a TM.
At the beginning of an iteration the current contents of the TM are
stored in the o4 = 0 hyperplane. The first operation clears the buffer
hyperplane (o4 = 1); the second operation calculates the condition
which the TM being emulated will have at the end of its next itera-
tion and stores the (suitably encoded) result in the o4 = 1 hyperplane
(this calculation is based on the current contents of the o4 = 0 hy-
perplane); the third operation clears the o4 = 0 hyperplane, and the
fourth operation copies the contents of the o4 = 1 hyperplane into the
o4 = 0 hyperplane. At the end of this cycle, the dynamics repeats
itself: A(t) = A(t+4) for all ¢.

Without the use of a buffer plane to hold the result until the orig-
inal plane is cleared out (at which time the buffer plane’s contents
are copied back in), essentially all states of the system would have
non-zero support an infinitesimal time after ¢ = 0. To see this, let the
succession of TM states be S1, S2, .53, ... If there were no buffer plane,
and if the dynamics were at all times the “evolve-the-TM” dynamics
of the t = 1 — t = 2 stage, then an infinitesimal time after the
calculation starts (in state Sp) state Sy would be signaled (i.e., f(S2)
would be non-zero), which would instantaneously signal S3, and so on.

This means that a system lacking buffer planes doesn’t really “em-
ulate” a TM. Indeed, as an aside note that such a buffer-plane-less
system automatically determines whether or not the TM will halt an
infinitesimal time after the dynamics starts. (Since all states which
will ever be occupied are so occupied an infinitesimal time after the
start of the calculation.) Accordingly, such buffer-plane-less systems
actually have super-Turing power.

Next we present the four stages of an iteration. Without loss of
generality, assume the cycle starts at ¢ = 0. It’s assumed that at t =0
(i.e., at the beginning of every cycle) the following is true:

13



1. For all &, K(t,0) € {0,1}.
2. For all o such that K(t,0) =1, 04 € {0,1}.
3. There is exactly one p € (ZT)® such that K[t,(p,0)] = 1. Let

p* be this p. (The initial value of p* when the system starts
codes for the initial condition of the TM being emulated.)

4. Tt is valid for the TM to have current head position given by p7,
contents of the tape given by (the binary expansion of) p3, and
internal state given by p3.

[t=0—1t=1]
This stage clears the o4 = 1 hyperplane. During this stage, for all
p € (Z1),

0 ift=1
A[t7 (p7 1)7 (p7 1)] - { _1/(1 _ t) otherwise .
(We don’t simply set A[t, (p,1),(p,1)] = —1/(1 — t) because this is

undefined for ¢ = 1.) For all other values of its arguments A(t) equals
0.

Since A(t,o,0') = 0 unless o = o', Eq. 7 reduces to ;K (t,0) =
A(t,o,0)K(t,o). In particular, if o4 # 1, then K(t,o) will not
change in value during this stage. If o4 does equal 1, then

K(t,o) = K(0,0) x exp [/Ot dt'A(t',cr,a')] .

This means that for those o with 04 =1, K(1,0) =0 if K(0,0) =0,
i.e., the value of K can change through this stage only when g4 = 1
and K(0,0) = 1. For such a case, we have K(t,0) =1 —t¢ for t < 1,
and K(t,o) = 0 when ¢ = 1. This means that K(1,o) = 0 for all
o such that o4 = 1, that is, the buffer hyperplane has been cleared.
K(t,o) for all other o is the same at the end of this stage as at its
beginning.

t=1-—1t=2]

At the end of this stage K(t,o) for those o with o4 = 0 is still
unchanged from K (0, o). At the end of this stage K(¢,o) = 0 for all
o with o4 = 1 (just like at the end of the first stage) except for one:

14



K(2,0) = 1 for the point & with o4 = 1, and with o1, o9, and o3
values corresponding to the condition of the TM being emulated one
iteration after it had the condition p*. Thus the new state has been
placed in the buffer hyperplane. The detailed description of this stage
follows.

Let the TM we’re emulating have transition functions taking head
position 7, numerical tape value z = 3.5°, a; x 2¢ (where for any fixed
i, a; € {0,1}; the sequence of «; is the contents of the TM’s tape), and
internal state g, to position R(r, a;, q), tape value 352, B;(r, z, q) x 2
(B; € {0,1}, and B; = «;,Vi # r) and internal state S(q, a,) respec-
tively. Then throughout this stage A(t,o,0') equals 0 for all values
of its arguments except as given by:

A[t7 (a,7 bl7 CI7 1)7 (a7 b7 C’ O)] = 17va7 b’ c e (Z+)37
where a' = R[a, P(|b/2°]), ],

o
and b' =Y fi(a,b,c) x 2,
i=0
and ¢’ = S[c, P(|b/2%])].
Here P is the parity function: P(z) =1 if z is odd, 0 if z is even.

As in the t = 0 — t = 1 stage, in this stage only those K(t, o)
with o4 = 1 are altered by A. Therefore for all & such that o4 =
0,K(2,0) = K(0,0).

Now evaluate Y5 A(t,0,0')K(t,0') when o4 = 1. Due to A, only
those o' with oy = 0 terms will contribute. Therefore, letting p and
p’ be the first three components of o and o’ respectively, we have:

K (p,1,t) = Y_ Alt, (p, 1), (p',0)] K[t, (p',0)]-

Now throughout this stage, K[t, (p’,0)] = K[0, (p’,0)]. Therefore by
assumption (3) (see above), throughout this stage there is a unique
p* such that

K[t,(p*,0)] # 0.
Therefore throughout this stage,

O KTt, (p, 1)] = At, (p, 1), (P7, 0)]-

Thus, K[t, (p,1)] will change in this stage iff

pr = Rpi, P(lp3/21]),p3], and
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o0
b2 = Zﬁz(piapgapg) X 2Z7 and
=0

ps = Slp5, P(|p5/2%))].

Since K1, (p, 1)] = 0 for all p, this means that at the end of this stage,
Klt,(p,1)] = 0 for all p (just as at the end of the first stage) except
for one: K[2,(p,1)] = 1 for the point p corresponding to the condition
of the TM being emulated one iteration after it had the condition p*.

t=2—1t=3]

This stage clears the g4 = 0 hyperplane leaving the o4 = 1 hyper-
plane alone, exactly as we previously cleared the o4 = 1 hyperplane
leaving the o4 = 0 hyperplane alone.

In this stage, for all p € (Z7)3:

AHKE@KPﬂﬂZ{FLK1_p_ﬂ) Eigéw

During this stage A(t) for all other values of its arguments equals 0.

[t=3—t=4]

This stage copies the contents of the o4 = 1 hyperplane into the
o4 = 0 hyperplane.

All A(t,o,0') = 0 except Alt, (p,0),(p,1)] = 1 Vp. Given such
an A, K(t,o) is unchanged during this stage for any o with o4 = 1.
Therefore

9;K[t, (p,0)] = Kt, (p,1)] = K[3, (p, 1)] = K[2, (p, 1)].

Since for all p, K[3, (p, 0)] = 0, we know that if K[3, (p,1)] = K[2,(p,1)] =
1, then at the end of this stage K|[t,(p,0)] = 1. Alternatively, if
K[3,(p,1)] = 0, then at the end of this stage K|[t, (p,0)] = 0. There-
fore at the end of this stage the contents of the o4 = 1 hyperplane at

t = 2 have been copied into the o4 = 0 hyperplane.

The cumulative effect of these four stages is to transform the con-
tents of the 04 = 0 hyperplane in exact emulation of the transfor-
mation the TM undergoes during one iteration starting from the TM
condition p*. Since assumptions (1) through (4) are valid at the end
of the fourth stage, the four stages can be repeated and the dynamics
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will still be exactly emulating the TM. By induction, the dynamics
always emulates the TM. QED

As an aside, note the automatic correspondence between output
flagging and how a TM halts. A TM halts when its internal state
becomes the halt state. In the scheme recounted above, such a halt
state corresponds to a particular value of r3. So the system emulating
the TM should “halt” when the support of f covers that particular
value of r3, i.e., output is flagged when the support of f covers the
appropriate range in rs.

As another aside, note that perhaps the most straightforward way
in which a field computer can implement a universal TM is to simply
encode a TM exactly as described previously in this section, where
that encoded TM happens to be universal. To have such a universal-
TM field computer emulate an arbitrary TM operating on an arbitrary
input tape, that arbitrary TM’s state-transition table together with
the arbitrary tape is encoded in f(0). The universal-TM field com-
puter then transforms f(0) in exact analogy to the way a conventional
universal TM would transform a tape that coded for an arbitrary TM
and arbitrary input tape for that TM.

4 Discussion

4.1 The system as a cognitive processor

In the perspective taken above, the system and its dynamics are viewed
as a continuum-limit linear neural net and the unary representation
is used, so that meaning of the system’s output is determined via the
support of f. There are other ways of interpreting a system f evolving
according to the equation f(t) = Gf(¢). In particular, such a system
can be viewed as a “cognitive processor” operating in (massive) par-
allel. The idea is to view the value of f(¢,r) as the “confidence” one
has at time ¢ in the proposition labeled by r. The dynamical evolution
of the system is the system trying to determine the answer to a ques-
tion encoded as f(tg,r), i.e., trying to determine what proposition to
have most confidence in, in response to the proposition encoded in the
support of f(tg,r). This evolution can be viewed as infinite parallel
streams of thought, each with different confidence levels, interacting
with one another in an attempt to answer the question. (The inter-
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action consists of transferring confidence among the various possible
r values according to the evolution equation.)

This confidence-level interpretation doesn’t ascribe meaning only
to the support of f(t), but also takes into account the actual values
of the field f(¢). Nonetheless, one might still wish to flag output by
running the system until the support of f(¢) covers a pre-determined
output-flagging region of R™. In this context, such output flagging
means simply that the system processes a question for as long as it
takes for it to determine that it has an answer, which (in the form of
f(t), the distribution across R"™ of confidence levels) is signaled when
the output is flagged (i.e., when one has non-zero confidence that a
decision has been made). As an alternative, one could instead require
that the dynamics halt either when output is flagged or when ¢ exceeds
some special value ?., in which case ¢ > ¢, means that the system can’t
find an answer to the question in the time allotted.

Our evolution equation exactly reflects this interpretation of the
dynamics as the transferring of a conserved amount of confidence
among propositions r provided that we can express G as

G(r,r') = H(r,r') — (' — 1) / A" H(x", r) (8)

for some field H € ®(R"XR"). To see this, note that for such a G
our evolution equation f(t) = Gf(t) (Eq. 1) can be rewritten as

f(t,r) = / A H(r,v') f(t, ') — / A" H(r",r) £ (4,1).

The second integral represents loss in confidence in the point r accom-
panying H-induced transfer of confidence from r to the other points in
the space.® The first integral, on the other hand, represents a gain in
confidence in r due to loss of confidence in the other points. Note that
in general H need not be symmetric; H(r’,r) need not equal H(r,r'),
which means that the dynamics governing the loss of confidence in r
need not be the same as the dynamics governing the gain in confidence
in r. Whether or not H is symmetric, f(¢) automatically maintains
normalization through time: 9, [ drf(¢,r)] = 0, which means that our
total confidence remains unchanged.
There are a number of open questions associated with this confidence-

level interpretation of f. For example, if the system is really to
be viewed as a cognitive processor, with many parallel “streams of
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thought,” then one might want to have the low-level dynamics contain
the laws of deductive logic. Would this necessitate a different evolution
equation? As another example of a peculiar feature of the confidence-
level interpretation, what is negative confidence level?® Is it confidence
in the negation of a statement? If so, then in the confidence-level
interpretation f(¢,r) = 0 can be interpreted either as simultaneous
confidence in a proposition r and its negation, or as no confidence in
either r or its negation. Do we really want to treat these two sce-
narios as equivalent? Finally, do we really want to have conservation
of [drf(t,r)? After all, one doesn’t become less confident in a given
proposition just because you use it to infer other propositions in which
you are confident; that would imply that integrated confidence should
rise in time, not stay constant.

It was to avoid dealing with these issues that this paper has fo-
cussed on the interpretative scheme where the meaning of f(¢) is given
by its support. Nonetheless, the main results of this paper hold just
as well for the confidence-level interpretation.

4.2 Schrodinger’s equation and computational
universality

If we work in R3 (i.e., if n = 3), and if f is allowed to be complex-
valued, then for

Glr,r') = (%) ! l(gm 2 ) +o(r — )V ()

our evolution equation for f reduces to Schrédinger’s equation for the
evolution of a quantum-mechanical wave-function f:

h2V2 f
8mm2

where as usual V is the potential governing the wave function’s evo-
lution and A is Planck’s constant.

At this point we could bypass the analysis of the preceding sec-
tion to establish computational universality. To do this first note that
any system purporting to be a real-world TM is built of components
which are, ultimately, quantum mechanical in nature, and in quantum
mechanics meaning is ascribed to the support of the wave function f

h
L onf = +VY,
Vs
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(for sufficiently peaked wave functions). Therefore we can immedi-
ately conclude that, via appropriate choice of the potential V', our
evolution equation allows TM solutions. (Strictly speaking, this cor-
respondence between our evolution equation and quantum mechanics
actually requires that Schrodinger’s equation for a set of more than
one interacting particles be simulated.) Alternatively, one can demon-
strate the universality of our evolution equation simply by noting that
there exists a G such that that equation emulates Schrodinger’s equa-
tion, and by then appealing directly to the field of quantum Turing
machine theory (Deutsch, 1985). Conversely, one could use the con-
struction of the previous section, and as mentioned in subsection 3.3,
thereby create a quantum computer with super-Turing capability.

Such arguments involving quantum mechanics do not apply if one
is interested in real-valued field computers of course. And even if one
allows complex-valued fields, such arguments are not particularly in-
sightful or useful, especially if one is interested in field computers as
possible models of the human brain. To put it mildly, there are many
poorly understood steps in extrapolating upwards from quantum me-
chanics to macroscopic human brains.

Accordingly, in this paper we have shown explicitly how to achieve
computational universality with our real-valued system rather than by
relying on indirect quantum-mechanics-based arguments. Viewed al-
ternatively, besides pointing out the implications of quantum mechan-
ics for continuum-limit neural nets, the contribution of this paper is
to present an additional (beyond those based on quantum-mechanics-
based arguments), more direct solution for a kernel that results in
computational universality of such neural nets.

4.3 Training

For the system considered in this paper, training the system (finding
a set of weights so that the net reproduces a particular training set),
entails finding G such that when f(0) corresponds to one of the inputs
in the training set, then the signaled output

f(t when output signaling occurs)

codes for the corresponding output. Finding such a G is an ill-posed
problem, of course; in any scheme for “training” G to reproduce a
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training set, some sort of regularizer is needed to uniquely fix G. Oth-
erwise one could simply use the preceding several sections to build an
infinite number of distinct TM’s, all of which reproduce the training
set. To choose among that infinity, some bias in favor of smaller TM’s
(perhaps based on an approximation to the algorithmic information
complexity of the TM) is a natural choice of regularizer.

When G is not restricted to the form given in Section 3, the need
for regularization becomes even more pronounced. In addition, regu-
larization biases like algorithmic complexity become meaningless. In
this regime, biases involved the integrated curvature of G may make
more sense.

As a final extension, consider regularization in the case of complex-
valued fields. The correspondence of our evolution equation for such
fields with quantum mechanics means that we can recast the problem
of finding a G to reproduce a provided training set as the problem of
finding a potential which evolves one set of wavefunctions into another
set of wavefunctions. This is nothing other than a quantum mechanical
scattering problem! Such problems have been studied intensively for
decades. Exploiting this, one way to find a G to reproduce a provided
training set (i.e., provided scattering data) is to assume that there are
a discrete number of scattering objects and solve for their positions
(just as in X-ray diffraction). Regularization in this context would be
a bias towards fewer scattering centers.

4.4 Solving the Dynamics

To help illuminate this regularization issue, it’s worth making some
cursory comments concerning the dynamics under our evolution equa-
tion. To that end, first consider a (spatially) discrete version of our
system and its evolution equation, 9;f(t,x;) = X5; G(zi, ;) f (¢, z5),
or equivalently, f(t) = Gf(t), where G is the matrix with entries
G(zi,z;). This is just a set of simultaneous first order ordinary differ-
ential equations, with solution given by f(t) = /% f(0). This suggests
that the original continuum-version of our system evolves according
to a one-dimensional (in ¢) Lie group, i.e., that the continuum-version
of our system also has solution f(t) = e!“ f(0).

To prove this, it’s useful to consider time-ordered products. Since
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G is independent of ¢, using our product notation we can write:

0:f(t) = DG f (1)) = Gof (t) = GIGF(1)] = G*f (1),

where the field product G?(r,r’) = [dr”G(r,r")G(x",1'), the infinite-
dimensional “matrix” G “squared”. Therefore,

f(t)=G*f(t).

Continuing in this way, and making the assumption that f(¢,r) is
analytic in ¢, we get the MacLauren series:

(0 = F0)+ 3 " Gm F (o),

n=1

that is, using our product notation to define G"(r,r'),

fit,r) = f(0,r)+ Z [tn/dr' G"(r,r') f(0,r")/n!

n=1

if we identify e’ (r,r’) ;= with the continuum version of the identity
matrix, A(r,r’). (The notation “e’“(r,r’)” indicates that the expo-
nential is to be viewed as a function of r and r’, which is parameterized
by ¢.) As promised, we can write the preceding equation in product
form as follows:’

f(t) =€ £(0).
QED

Since G determines f’s dynamics by being the generating function
of a one-dimensional Lie group giving f(t), G does not have the power
to induce arbitrary dynamics in f. Since G can force f to mimic
an arbitrary Turing machine, the immediate corollary is that Turing
machines can not obey arbitrary dynamics. This is not particularly
surprising. As a trivial example, no Turing machine can return to
the exact same state-tape configuration with which it started unless
it returns to that configuration an infinite number of times.

There are a number of interesting special cases of the dynamics
of our system. One occurs when G is translation invariant, so that
G(r',r) can be written as G(r — r’) for all r,r’. In this case the
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evolution equation gives the time derivative of f in terms of the con-
volution of f with G. In such a situation it is straight-forward to
solve for f(t,r): simply take Fourier transforms of both sides of the
evolution equation, use the convolution theorem, solve the resulting
first order partial differential equation, and then take inverse Fourier
transforms to get back f(t,r).

Another interesting special case is where G is degenerate:

G(r,r') = Z i(r) X hi(r’).
For example, assume that G(r,r') = ¢(r)y(r'). Write

fer) = fom)+ [ ot [a j )
= 1(0,1) +9(e) x Bl).

If we can solve for B(t), we can solve for the time-evolution of f. To
solve for B(t), substitute f(¢,r) = f(0,r)+¢(r)B(t) into the definition
of B(t):

B = [ at [ ar [70.F) + 66 B,
Now define
o = [a 10,1,
B = [arste) = [ G

our equation for B(t) is B(t) = [f dt'[a + BB(t')], which (after differ-
entiation with respect to t) has solution B(t) = (e — 1)a/p.

As a final example of a special case, begin by considering the
situation where f is separable, i.e., f(t,r) = u(t) X w(r). Now re-
define G so that the evolution equation becomes —i X 0;f(t,r) =
[dr' G(r,r')f(t,v'), that is, —if(t) = Gf(t). Then in the usual way
(see any introductory quantum mechanics text) one derives u(t) o
eM . and w(r) obeys the eigenvalue equation [dr'G(r,r')w(r') =
Aw(r), or Gw = Mw. (Note that if G is Hermitian (which means
our original, pre-redefinition G is anti-Hermitian), then A € R, and
|f(t,r)| doesn’t change in time.) Since our evolution equation is lin-
ear, if both f(t,r) = eMw,(r) and f(t,r) = e*wy (r) are solutions
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to our evolution equation then so is a linear combination of them, and
in general we can write

Ftr) = F(NeNMwr(r),
By

where wy(r) is a (normalized) solution to the equation Gw) = Aw)
and the f()\) are expansion coefficients. So if G is indeed Hermitian,
so that in general its eigenfunctions form a (necessarily orthonormal)
complete basis, we can take f(0,r) and use it to solve for f()), and
therefore for all f(¢,r). In other words, G Hermitian gives

f(t,r) = Z [/ dr’ wy(r') £(0,r')] x €™ x wy(r).
A

4.5 Replacing delta functions with waves

The scheme we have employed in this paper to construct Turing ma-
chines makes extensive use of delta functions, both in the field rep-
resentation of the state f(¢) and in the construction of the kernel G.
The use of such delta functions directly reflects the fact that we are
using a field computer. Generically, for a system which evolves con-
tinuously in time but consists of discrete positions in R?, we don’t
need to use delta functions so extensively to get computational uni-
versality. Indeed, the purpose of Section 3.2 is essentially to reduce
the original continuum-limit computer to such a lattice computer (see
footnote (4)).

However such delta function (impulse) fields are rarely (if ever)
physically realizable, and so we must question the significance of the
construction. On one hand it may be argued that since the Turing ma-
chine is an idealized model of computation, the use of delta functions
is not problematic; physical realizability is not relevant to idealized
mathematical models. The TM model itself makes physically unre-
alizable assumptions, such as the existence of a potentially infinite
tape.

On the other hand the TM model is approximately realizable, but
one may question whether our construction will work at all if the delta
functions are replaced by physically realizable fields (i.e., bounded,
continuous functions over compact domains). It is certainly conceiv-
able that physically realizable (and therefore noisy) replacements for
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the deltas would spread out over time until the state of the TM became
indeterminate. (Although note that multiplicative noise wouldn’t be
expected to result in such signal degradation, since the system is lin-
ear, with its state interpreted according to the support of f(¢,r).) If
such spreading does occur, then the accuracy of emulation of a partic-
ular Turing machine is in general undecidable — if the Turing machine
doesn’t halt, one would generically expect that such spreading would
result in complete degradation eventually.

We have not investigated whether such spreading can be directly
prevented, or whether it would require the use of nonlinear sharpening
functions in the evolution equation. Instead we present a different
method for eliminating the deltas which seems more interesting.

Our solution hinges on the observation that the Fourier transform
of a delta function is a complex exponential, and hence that delta func-
tions in one domain correspond to sinusoids in the other. Therefore,
instead of representing the state of the TM by a physically unrealizable
field f(¢) in the spatial domain, we instead represent it by its Fourier
transform F'(t) = F[f(t,r)], a physically realizable field defined over
the spatial frequency domain. It is then necessary to show that the
evolution equation f(t) = Gf(t) can be replaced by a corresponding
evolution equation operating on spatial frequency fields:

F(t) = RF(t).

With F representing the Fourier transform, since F[f(¢,r)] = F[Gf(t,r)],
O F[f(t,r)] = FGFLF[f(t,r)], and we see that the required R is
given by:

R=FGF '

That is,
1 ; 'yt
R(w,w') = 2—/dr /dr' W) G 1),
™

(To verify this, write [RF(t)](w) = {1/27}3/2 x [ dw'drdr’ @ T=@"r")
G(r,r') x [dr” @'t f(r'), take the inverse Fourier transform with
respect to w, and then use the integrated plane wave definition of a
Dirac delta function to arrive at [dr’ G(r",r') x f(r').)

Note that transforming the problem into Fourier space integrates
the delta functions out of both G and f. It is thus a convenient way to
emulate a continuum limit neural net, one which obeys the evolution
Eq. 1, with another system which also obeys Eq. 1.
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It is instructive to consider the form TM computation takes in
the transformed domain. TM states which were originally represented
by deltas (impulses) are instead represented by pure sinusoids in the
transformed domain (a superposition of two sinusoids in the buffer-
copy stage). The specific configuration of the TM is reflected in the
wave vector of the sinusoid (w or w' in the definition of R). Oper-
ation of the TM proceeds by a gradual “crossfading” from the wave
representing the TM’s current state to the wave representing its next
state.

Note that since the fields f(t) are nonzero only at the lattice points,
we are in effect doing a discrete Fourier transform, and so the trans-
formed fields F(t) are periodic and can be represented on a compact
domain (one period in extent in each dimension). Also, we can test for
the state of the TM by various physically realizable operations, such
as inner products and convolutions, on the transformed fields. For
example, a test for a nonzero product of the state with a mask field,
m(x) X f(z) # 0, can be accomplished in the frequency representation
by testing for a nonzero convolution, [F(m)](w) * [F(f)](w) # 0. In
particular, in this way deltas in the mask field, arising when we in-
terpret the state of the TM f, are replaced by sinusoids in the trans-
formed field.

Clearly the use of the Fourier transform is not essential to the
method outlined in this subsection; we could use any integral trans-
form that converts deltas into physically realizable functions.
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7 Footnotes

1. We note in passing that the discrete time emulation s’ = Ws
need not use a unary representation of the TM, as we do here.
In fact, to represent the states of the TM we could use any
countably infinite orthogonal basis e1,e1,e2,..., in any vector
space (not necessarily a Euclidean space spanned by the unit
vertices of the associated hypercube). For example, those basis
vectors could be functions. Moreover, if such a basis spans a
space of functions over a compact domain, e.g. L2([0,1]), and
the basis functions are continuous, then the representation will
satisfy the conditions for the physical realizability of fields spec-
ified in MacLennan (1990). Furthermore, if the representation is
chosen so that the longer tapes correspond to higher frequency
basis functions, then the resource limitations of physically real-
izable TM’s will correspond to the bandwidth limitations of the
medium supporting the fields. See also MacLennan (1993, 1994).

2. The support of f(t) is the closure of the set of all r such that
f(t,r) # 0. A more general formulation might interpret the
state of f(¢) in terms of those r € R" such that f(¢,r) > some
threshold e, rather than in terms of the support of f(¢). For
simplicity, such a formulation is not followed in this paper.

3. It should be noted that there are other ways to flag output
besides having the support of f(t) cover a predefined output-
flagging region. For example, one might have output flagged
when f(t) gets sufficiently peaked. If output is flagged this way,
one might want to change the way that the distribution f(¢) is
assigned meaning, from the meaning being given by the support
of f(t) to perhaps something like the meaning being given by the
average (according to the distribution f(¢)) of r. No such alter-
nate scheme for flagging output and assigning meaning to f(t) is
considered in this paper. For examples of using output-flagging
in real programs, see Wolpert (1990).

4. Note that since our new discrete evolution equation holds regard-
less of the spacing of the lattice, we can take that spacing — 0.
This means that without loss of generality, we could have written
our original evolution equation as 0, f (¢t,r) = [dV' G(¢t,r, ') f(¢,1'),
or f(t) = G(t)f(t), with a time-dependent kernel, where now
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r € R? rather than r € R5. In other words, at the expense of
losing a dimension in r, we can replace a t-independent G with
a t-dependent one.

. To check this formula, we can differentiate with respect to
0.f(tt) = & / AV’ ¢%(x, ') £(0, ')
_ / AV’ £(0,r') 8,(e%) (x, ')
- / dv' £(0,7')(Ge'%)(x, v
_ / dV’{ £(0,1) / av" G(r,r") etG(r",r')}
_ / dV"{G(r,r”) / AV’ £(0,r) x etG(r",r')}
_ / AV G(r,t") f(t,1").

. Note that this minus term has the perhaps annoying property
that, everything else being equal, the more confident we are in
a point (i.e., the larger f(¢,r)), the more quickly we lower our
confidence in that point. This might not be such a bad thing —
amongst other things, it should help keep behavior stable. It also
has the characteristic that if a decision is not reached in spite of
the high confidence in a hypothesis, then confidence will gradu-
ally leak away from that hypothesis and be transferred to others.
In effect the dynamics says, “If that isn’t working, try something
new.” Such a mechanism could help prevent a cognitive pro-
cessor from becoming locked into unproductive hypotheses, and
may help explain multistability in perception (VanHeyningen &
MacLennan, 1992). Nonetheless, one might wish to modify it
somehow.

. In this regard, it’s worth noting that in Section 4.2 it’s shown
that the dynamics of f is intimately connected with the for-
malism of quantum mechanics. In light of the various quantum
mechanical justifications for assigning meaning to the square of
the wave function rather than to the wave function itself (e.g.,
Everett, 1957), this suggests that one might want to assign mean-
ing to the square of f rather than to f itself. This has no im-
plication for the case where it’s the support of f which carries
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meaning, but it does have implications for the confidence-level
interpretation of f. In particular, using the square of f rather
than f itself removes the issue of assigning meaning to “negative
confidence.” It also means that we would be led to replace Eq. 8
with an equation preserving the Lo norm of f rather than the
Ly norm of f. (In this regard, note that the Lo norm is more
convenient mathematically than the L; norm.)
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